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ABSTRACT

Julia setsare fractal subsetsof the complexplanede�ned
by a simple iterati ve algorithm. Julia setsare speci�ed by
a single complex parameter and their appearancesare
indexed by the Mandelbrot set. This study presents a
simple generalization of the quadratic Julia set that re-
quir estwo complex parameters.The generalizationcauses
the Mandelbrot set indexing the generalizedJulia sets to
become4-dimensionaland hencedif�cult to useasa visual
index. An evolutionary algorithm is used to search the
spaceof generalizedquadratic Julia sets.A type of �tness
function is presentedthat permits the artist exert some
control over the appearance of the resulting Julia sets.
The impact of differ ent versionsof the �tness function on
the resulting Julia sets is explored. It is found that the
designed�tness functions do give substantial control over
the appearanceof the resulting fractals.

I . INTRODUCTION

A quadratic Julia set with parameter� 2 C is the subset
of the complex planeC for which the Julia sequence:

z; z2 + �; (z2 + � )2 + �; ((z2 + � )2 + � )2 + �; : : : (1)

fails to diverge to pointsarbitrarily far from the origin of the
complex plane.Thesequencestartswith a givenpoint z in the
complex planeand then iteratively squaresthe currentvalue
and addsin the parameter� . It is a fact that if � is in the
Mandelbrotset[9] then the quadraticJulia set (hence:Julia
set)is a connectedsubsetof theplane,otherwiseit is a fractal
dustof isolatedpoints.A Julia set is de�ned by the two real
parametersa and b where � = a + bi. The appearanceof a
Julia set with parameter� is similar to the local appearance
of the Mandelbrotset at mu, meaningthat the Mandelbrot
set visually indexesthe Julia sets.Examplesof this indexing
appearin Figure1.

The indexing of Julia sets by the Mandelbrot set means
that the searchfor interestingJulia sets can be undertaken
as a search of the Mandelbrot set. The Mandelbrot set,
while in�nitely complex [1], is two-dimensionaland so it
can be searcheddirectly with software. In this study we
presenta generalizationof the Julia set that is indexed by
a 4-dimensionalMandelbrot set and so in greaterneed of
automaticsearchmethods.This searchis performedwith an

evolutionaryalgorithmderived from the onepresentedin [1].
The generalizationof the Julia setusedin this studyrequires
two complex parameters! 1 and ! 2. The membersof the
generalizedJulia setare thosecomplex numbersz for which
a sequencefails to diverge.The new sequenceis:

z (2)

z2 + ! 1 (3)

(z2 + ! 1)2 + ! 2 (4)

((z2 + ! 1)2 + ! 2)2 + ! 1 (5)

((( z2 + ! 1)2 + ! 2)2 + ! 1)2 + ! 2 (6)

� � � (7)

Rather than adding a single complex parameterafter each
squaring,the two complex parametersare addedalternately.
This generalizationpermits Julia sets that have connected
regionswhich arenot themselvesconnected.

This paper is one of many that evolves fractals, but it
is in the rarer of two major categories of such efforts. Be-
causewriting a �tness function that can judge if a fractal
is interesting is dif�cult (and not a well-de�ned problem),
the most commonsort of fractal evolution is human-in-the-
loop evolution in which a humanbeing is usedas the �tness
function. Examplesof human-in-the-loopevolution include
systemsthat use geneticprogramming[10] and which opti-
mize parametersof (generalized)Mandelbrotsetsto generate
biomorphs[13]. Fractalsthat are locatedby evolutionaryreal
parameteroptimization to match picturesof facesappearin
[14].

Iterated function system fractals, explained in detail in
[8] are the target of evolution in [12] and were used to
performfractal renderingof DNA sequencesin [6]. A hybrid
representationusing both �nite state machinesand iterated
functionsystemswasevolvedto renderfractalsfrom different
typesof DNA in [5] and [7].

L-systemsor Lindenmayersystemsaregrammaticalmodels
that can be used as a representationfor the evolution of
fractals. Grammatical systemsstart with an initial string.
Characterswithin the string are expandedby the rulesof the
grammar, iteratively, to obtain a single string. The characters
aretheninterpretedby a renderer, suchasa graphicturtle, to
yield a fractal. Suchevolution of L-systemsthat arerendered



Fig. 1. Indexing of Julia Setsby the Mandelbrotset.Julia setsaredisplayedassmall insetsin the Mandelbrotset.

as plantsby a graphic turtle is presentedin [2], [3]. Fractal
L-systemsthat yield musicappearin [4].

Theremainderof this studyis structuredasfollows.Section
II remindsthosereadersthathave not usedcomplex arithmetic
recentlyof the detailsas well as explaining how generalized
Julia sets are renderedfor display. Section III de�nes the
�tness function usedto drive evolutionarysearchof the space
of generalizedJuliasets.SectionIV givestheexperimentalde-
sign,specifyingtheevolutionaryalgorithmandits parameters.
SectionV gives the results,including visualizations.Section
VI givespossiblenext stepsfor this line of research.

I I . COMPLEX ARITHMETIC AND JULIA SETS

The complex numbers arean extensionof the familiar real
numbers(those that representdistancesor their negatives)
achieved by adding in one “missing” number i =

p
� 1

and then closing under addition, subtraction,multiplication,
and division by non-zero values. The number i is called
the imaginary number. A complex numberz is of the form
z = x + iy wherex and y are real values.The numberx is

called the real part of z, and y is called the imaginary part
of z. The arithmeticoperationsfor complex numberswork as
follows:

(a + bi) + (c + di) = (a + c) + (b+ d)i

(a + bi) � (c + di) = (a � c) + (b� d)i

(a + bi) � (c + di) = (ac � bd) + (ad + bc)i
a + bi
c + di

=
ac+ bd

p
c2 + d2

+
bc� ad

p
c2 + d2

i

One of the pleasantpropertiesof the complex numbersis
that they placean arithmeticstructureon points (x; y) in the
Cartesianplaneso that arithmeticfunctionsover the complex
numberscanbethoughtof astakingpoints(x; y) (represented
by x+ yi ) in theplaneto otherpointsin theplane.Becausethe
complex numbershave this one-to-onecorrespondencewith
the points of the Cartesianplane, they are also sometimes
referredto as the complex plane. Complex fractalsareeasier
to de�ne when it is thoughtof as consistingof points in the
plane.The absolutevalue of a complex numberz = x + yi



Fig. 2. Thumbnailsof the best-of-rungeneralizedJulia setsfor the �tness function using the continuousplus mask.

is denotedin the usual fashionjzj and has as its value the
distance

p
x2 + y2 from the origin of the complex plane.

Supposewe are examining a point z in the plane for
membershipin aJuliasetor generalizedJuliaset.Theiteration
number for a point is the number of terms in the relevant
sequence(eitherEquation1 or Equations2-7) beforethepoint
grows to an absolutevalue of 2 or more. Points not in the
Julia setthushave �nite iterationnumberswhile points in the
sethave in�nite iterationnumbers.Iterationnumbersareused
for coloring visualizationsof the set. In this studya periodic
palette is used to color all such visualizationswith points
with in�nite iterationnumberscoloredblue.Iterationnumbers
above 200 are consideredin�nite for purposesor rendering
the Julia sets;since in�nite numbersof iterationscannotbe
computeda bail-out value like 200 is required.

I I I . FITNESS FUNCTION DESIGN

The �tness function usedto locate interestinggeneralized
Julia setsmust transformfour real (two complex) parameters
into a scalar�tness value.Ideally the artist shouldbe granted
somecontrol over the appearanceof the fractalslocated.This
can be accomplishedwith a variation of the �tness function
usedin [1]. A grid of points,either11� 11or 15� 15 is placed
onasquaresubsetof thecomplex planewith corners0:8+ 0:8i
and � 0:8 � 0:8i . For a given set of parametersde�ning a
generalizedJulia set,the iterationvaluesfor the points in the
grid arecomputed.A maskis usedto specifydesirediteration
valueson the grid points.Fitnessis the average,over the grid
points, of the squarederror of the true iteration value and
the desiredvaluespeci�ed by the mask.True iterationvalues
are cappedat n = 200 in this study - any point with an
iteration value of 201 or more is assumedto be a member
of the generalizedJulia set.

The maskspeci�es wherepointswith variousapproximate



Fig. 3. Thumbnailsof the best-of-rungeneralizedJulia setsfor the �tness function using the continuoustimesmask.

iteration valuesare to be in the evolved fractals.This ability
to specify the behavior of the fractal on the grid permitsthe
artist somecontrol over the appearanceof the resultingJulia
set.Following is a list of the namesand maskspeci�cations
for the �tness functionsusedin this study.

1) Continuous Times Mask (Size11� 11). The nameof
this maskre�ects the fact it hasa pro�le similar to a x.

200 55 21 13 10 9 10 13 21 55 200
55 200 77 35 24 21 24 35 77 200 55
21 77 200 111 65 55 65 111 200 77 21
13 35 111 200 155 132 155 200 111 35 13
10 24 65 155 200 193 200 155 65 24 10
9 21 55 132 193 200 193 132 55 21 9
10 24 65 155 200 193 200 155 65 24 10
13 35 111 200 155 132 155 200 111 35 13
21 77 200 111 65 55 65 111 200 77 21
55 200 77 35 24 21 24 35 77 200 55
200 55 21 13 10 9 10 13 21 55 200

2) Continuous Plus Mask (Size 15 � 15). This mask is
vertically andhorizontallymirror-symmetricandso the
last seven rows and columnsare not shown. Its name
re�ects the fact is hasa pro�le similar to a +.Re�ecting

the mask shown about its last row and then its last
column, without copying the last row or column, will
rebuild the full mask.

21 25 30 39 53 76 110 130
25 28 34 42 56 80 114 134
30 34 39 47 61 85 119 139
39 42 47 56 70 94 127 148
53 56 61 70 84 108 141 162
76 80 85 94 108 132 165 186
110 114 119 127 141 165 199 219
130 134 139 148 162 186 219 240

3) Twin Hill Mask (Size15� 15). This maskis symmetric
underan 180 degreerotationso the last seven columns
are not shown. It is namedfor having two hills in the
middle of the �rst and fourth quadrantof the mask.



41 51 61 68 68 62 54 45
51 67 86 101 102 89 71 56
61 86 121 153 154 124 91 67
68 101 153 208 210 157 107 76
68 102 154 210 211 159 110 80
62 89 124 157 159 131 99 78
54 71 91 107 110 99 85 74
45 56 67 76 80 78 74 73
37 44 52 58 62 65 68 74
31 37 42 47 52 57 65 78
27 31 35 40 45 52 62 80
24 27 30 35 40 47 58 76
21 23 27 30 35 42 52 67
18 21 23 27 31 37 44 56
16 18 21 24 27 31 37 45

4) Strict Plus Mask (Size 11 � 11). This maskhas200s
in the sixth row and column and zeroselsewhere.It is
similar to the continuousplus mask,but with only two
values.

5) Inverse Plus Mask (Size 11 � 11). This mask imple-
mentsa valley shapedline a +.

200 200 200 100 75 50 75 100 200 200 200
200 200 200 100 75 50 75 100 200 200 200
200 200 200 100 75 50 75 100 200 200 200
100 100 100 100 75 50 75 100 100 100 100
75 75 75 75 1 1 1 50 75 75 75
50 50 50 50 1 1 1 50 50 50 50
75 75 75 75 1 1 1 75 75 75 75
100 100 100 100 75 50 75 100 100 100 100
200 200 200 100 75 50 75 100 200 200 200
200 200 200 100 75 50 75 100 200 200 200
200 200 200 100 75 50 75 100 200 200 200

Theevaluationsquareof � 0:8� 0:8i to 0:8+0:8i waschosen
by trial anderrorexperimentation.If too largea squareis used
than the behavior far from the origin of the complex plane
dominatesthe �tness function and all fractals locatedappear
assimplelagoons.If toosmallasquareis usedthentheoverall
appearanceof the Julia setbecomesvisually unrelatedto the
mask.

IV. SPECIFICATION OF EXPERIMENTS

Theevolutionaryalgorithmoperateson a populationof 800
structures.Parametersfor generalizedJulia setsare storedas
an array (a; b;c;d) where ! 1 = a + bi and ! 2 = c + di.
Variation operatorsconsistof two point crossover operating
on the array of four reals and a single point mutation that
addsa Gaussianwith a varianceof 0.1 to one of the four
real parameterselecteduniformly at random.The model of
evolution is size seven single tournamentselection.A group
of sevendistinctpopulationmembersis selected.Thetwo best
arecopiedover thetwo worstandthenthecopiesaresubjected
to crossover anda singlemutation,each.

The evolutionaryalgorithmis steadystate[11], proceeding
by mating eventsin which a single tournamentis processed.
Evolution continuesfor 50,000 mating events and then the
most�t (lowest�tness) individual is saved.In eachexperiment
thirty-six independentrunsareperformed.The resultinggen-
eralizedJuliasetsarethenthumb-nailed.The�tness functions
used are describedin Section III. They all minimize the

averagesquareddifferencebetweenthe iteration behavior of
thefractalon a grid of samplepointsanda maskthatspeci�es
a desiredbehavior.

V. RESULTS AND DISCUSSION

As with the Mandelbrotsetslocatedin [1], �nal �tnesses
variedconsiderablywithin therunsdonefor eachof the�tness
functions,suggestingthat the�tness landscapefor generalized
Julia setsusing any of these�tness functionsis rugged.The
thumbnails of the fractals located also show a substantial
diversityof appearancewithin the fractalslocatedby a single
�tness function. It seemslikely that the �tness landscapeis
itself a fractal, as it is an algorithmic shadow of a type of
Mandelbrotset.This 4-dimensionalMandelbrotset,alludedto
earlier in the manuscript,canbe understoodasfollows. Each
setof four parameters(a; b;c;d) yieldsa generalizedJuliaset.
If we �x ! 1 = a + bi and then check the iteration value of
! 2 = c + di using ! 2 as both the point being testedand the
secondJuliaparameterthenthepointsthatfail to divergearea
Mandelbrotset.Thepointstesteddependon all theparameters
a; b;c and d and so the set is four dimensional.The role of
! 1 and ! 2 can be interchangedbut this yields a different
parameterizationof the same4 dimensionalMandelbrotset.

Looking at Figures2-6 and comparingthe within-�tness-
function variation in appearancecomparedwith the between-
�tness-function varianceit is clear that the different masks
exert substantialcontrol over the characterof the fractals
located.The fractalsassociatedwith the different maskscan
be recognizedasdistinct groupsby casualinspection.

The results presentedrepresenta successfulcontrolled
searchof a 4-spaceof generalizedJuliasets.Themask�tness
functionsgive the artist input while still leaving a rich space
of fractals that are optima (probably local optima) of the
�tness function. The differencebetweenthe continuousplus
mask,Figure 2 and the strict plus, Figure 5, is marked. The
softer plus-shapedmask locates“softer” fractals.All � ve of
themasksusedin thestudyyield differentappearances;some
aremore likely to relocatefractalswith similar appearances.

Recall that a Julia set is either single connectedset or is
a dust of isolatedpoints.Many of the fractalslocatedin this
search,e.g.theentiretoprow in Figure3, have internalregions
with positiveareathataredisconnectedfrom oneanother. This
meansthat the generalizedJulia setsbeinglocatedarenot, in
fact, standardJulia sets.The �rst authorhasspenthundreds
of hoursgeneratingMandelbrot,Julia, and generalizedJulia
sets.The fourth imagefrom the left in the top row of Figure
5 is novel in its closenessto an actualplus sign. This shape
is eitherunavailableor dif�cult to locate.Many othersamong
the locatedshapesaresimilarly unfamiliar.

ExamineFigure6. The fractalslocatedfall into threebroad
categories; the most numerousis exempli�ed by the �rst
image in the �rst row; the secondby the �rst image in the
secondrow; the third by the secondimage in the third row.
Examination of the numerical parametersshow that these
families containcluster of points in parameterspace,but in
somecasesmorethanonecluster. The vertical �ip of the �rst



Fig. 4. Thumbnailsof the best-of-rungeneralizedJulia setsfor the �tness function using the twin hill mask.

group of similar fractals distinguishedtwo cluster but there
are others.This in turn suggeststhat the searchspaceitself
mayhave interestingsymmetriesevenafter beingrun through
the mask-based�tness functions.

An interestingaspectof the type of evolutionary search
presentedhere is the new role of local optima. The mask-
based�tness functions are not exact speci�ers of what is
desired.They are more like “guidelines”. This meansthat
the local optima of these�tness functionsmay actuallyhave
artistically greatermerit than the global optima.This is very
different from standardevolutionary searchin which local
optima can be an absolutebaneof effective search.This is
also probably good news given the probablecomplexity of
the �tness landscape;locating any global optima is likely to
be very dif�cult. The �tness landscapecontains,for example,
a transformedversionof the Mandelbrotset.

The searchof the spaceof generalizedJulia setspresented
hereis an exampleof an automatic(asopposedto human-in-

the-loop) �tness function for locating artistically interesting
images.It gives the artist a tool to guide the searchin the
form of the masks,but doesnot requirethe artist's attention
throughoutevolution.

VI . NEXT STEPS

The fractal evolution techniquesusedhereare intendedas
a techniquefor use by artists. Various evolved art contests
heldat thecongresson evolutionarycomputationandtheEvo-
MusArt conferenceshave stimulateda gooddealof interestin
evolved art asa technique.With this in mind several possible
direction for the extensionof this researchfollow.

The simplestextensionlies in the fact that quadraticJulia
setsare simply one of an in�nite numberof types of Julia
set.Eachpossiblepower, cubic, quartic, etc. yield their own
Mandelbrotset, indexing a collectionof Julia sets.Similarly,
Julia setscan be derived from transcendentalfunctionssuch
as ez , Sin (z), etc. Each of these is its own domain for



Fig. 5. Thumbnailsof the best-of-rungeneralizedJulia setsfor the �tness function using the strict plus mask.

evolutionarysearch.

An obvious extension comesfrom continuing the gener-
alization processfor Julia sets. The generalizedJulia sets
in this paperuse,alternately, two complex parameterswhen
generatingthe sequencedused to test for set membership
where a standardJulia set usesone. An n-fold, rather than
two-fold, alternationof constantscould be used.Likewise a
set of constantscould be addedinto terms of the seriesin
a patternrather than in strict alternationor rotation.Eachof
thesevariationshas a simple realizationas a real-parameter
optimizationproblemusing the mask�tness function.

The maskstestedin this study are a small set, designed
using the intuition of the authors.A vast number of other
masksarepossible.Onepossibility is to usedanexisting gen-
eralizedJuliasetasa sourceof a mask.Theartistwould hand-
selecta setof parametersthat yield an interestinggeneralized
Julia set.The iterationvaluesof this Julia set would then be
usedasa mask,permittingevolutionarygeneralizationof the

hand-selectedfractal. This proposedtechniquewould require
a parameterstudyon thenumberof samplepointsusingin the
mask.Too few pointsand the resultinggeneralizedJulia sets
will likely bearno resemblanceto the original one.To many
samplepointsandthe ability, visible in the thumbnailsin this
study, to locatenearly identical Julia setsmay dominatethe
search.

Finally both authorsfeel that automatingthe selectionof a
coloringalgorithmis a possiblydif�cult but rewardingavenue
for futureresearch.Thismightbeanaturalplacefor human-in-
the-loopevolutionor it might bepossibleto selecta featureset
and make chromaticanalogieswith existing picturesthought
to be chromaticallybalanced.

VI I . ACKNOWLEDGMENTS

The authorswould like to thank the University of Guelph
Departmentof Mathematicsand Statisticsfor its supportof
this research.



Fig. 6. Thumbnailsof the best-of-rungeneralizedJulia setsfor the �tness function using the inverseplus mask.
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